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Abstract

Both spatial and temporal peaks that are produced by the discrete parcel model can be mathematically approximated by Gaussian functions,
but the transformation from a spatial pattern to a temporal image requires a convolution treatment. A first-order convolution is given for
temporal peaks under a linear isotherm, whereas a second-order convolution is proposed for those under non-linear isotherms. Numerical tests
show that the peak shapes generated by the proposed temporally convoluted Gaussian equations (TCG) match perfectly with those obtainec
by the discrete parcel model. Although the full TCG equation may be quite complicated, it can be made easier by a recursion calculation
technique, and a group of peak curves can be plotted simultaneously on computer worksheet. The results also suggest that the tempora
distortion effect should be predominately considered, in addition to those known-to-exist spatial effects, for explaining the peak asymmetry.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction the instrumental conditions vary from one laboratory to an-
other. The users would require a more quantitative way for
1.1. Peak asymmetry simulating the experimental chromatogram so as to obtain

better separation results.

Peak asymmetry has been puzzling chromatographers Numerous empirical functions have been suggested for
for many years. To solve the skewed peak shape problem,the peak curve fitting. They have been evaluated and sum-
two opposing approaches have been consistently proceededharized by Di Marco and BomHb] into different cate-

[1]: (i) the derivation from physical models; (ii) empirical gories. Among those, the Gaussian series with mathematical
peak shape simulation by mathematical functions. In the modifications (e.g. exponential or polynomial) are proba-
former approach, the peak shape is produced by setting upbly the ultimate choice for constructing chromatographic
physical factors and solving the differential equations for peaks[9—14] There is no doubt that the Gaussian function
a tubular flow system. It is generally qualitative, providing can provide a solid basis for the curve-fitting purpose, but
probable reasons why and how a peak is skewed during thethe mathematical treatments (e.g. polynomial terms) on the
chromatographic process. A variety of physical mechanisms peak standard deviation terms are diverse and empirical. As
have been identified, and the most widely adopted reasonsa consequence, even though the modified Gaussian func-
include: the non-linear isotherm that occurs in the column tions can indeed fit most experimental peak curves, their
[2,3]; the solution derived from Fick’s Law, in which the physical meanings are vague or not quite persuasive. The
diffusivity is a three-dimensional function of time due to connection between the two approaches (theoretical deriva-
the multi-layered flow speed (parabolic flow pattern) in the tion and empirical fitting) has not been well established.
tubular column[4,5]; and the extra column effects (defects
from the injector, detector, connector,., etc.) that cause  1.2. The missing link
the unevenly distributed mass patt¢br7]. However, these
explanations are of little consequence to practical users, as One important factor, the temporal distortion effect, has
long been ignored by both communities. This effect, which
is generated due to the non-simultaneous detection at a fixed
* Tel.: +886-2-23627358; fax:-886-2-23632912. position, can produce significant false tailings in flow injec-
E-mail addresssscpai@ntu.edu.tw (S.-C. Pai). tion analysis[15]. It can also cause a similar peak-image
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twisting in chromatography, which has been demonstrated - ‘
by a lately published discrete parcel mod#6]. In that Wil epnpk =ona A7 ecior
model, the temporal peak data produced are plotted along the
time coordinate, to distinguish from the spatial peak shapes ‘ —
which are plotted on the longitudinal axis. Various temporal | mmetrical factors
peaks (symmetrical, tailing or fronting) are generated; even
though they are spatially symmetrical throughout. Thus, the ! e o g
. g Yy p y Sy ; g . ! Asymmetical factors as observed

difference (or residue) between a pair of normalized spa- Nor el seondin on 7 coordinate
tial and temporal peaks gives the net “temporal distortion”. Non-ideal njoction I
It is very probable that much of the skewed fraction of the e / K
observed peaks is induced by this effect, although a direct e IDE‘SC‘OJ o N
experimental verification is not yet available. J\L i | ‘

It is the author’s opinion that all physical models should / @

. . . . Broadened spatial 6\
be further modified to include the temporal distortion ef- ) N
. . pattern along n coordinate @‘\

fect. On the other hand, when using mathematical func- ~ D
tions, the curve-fitting would be much better if standing \ ACH

on a more reasonable platform to endorse the same effect.

The link between the two approaches might well be the
“spatial-temporal convolution”. Fig. 1. Systematic diagram showing the possible broadening mechanisms

during the chromatographic process and the concept of convolution. On
. the left, the initial sample zone is broadened by a number of mecha-

1.3. The convolution concept nisms, mainly by “in-column” retention and dispersion—diffusion, which
are symmetrical in nature. Several non-ideal and extra column effects

The temporal convolution effect is not a real mechanism may also contribute a small portion of the zone broadening, which might
that occurs inside a chromatographic column or in the in- be asymmetrical. The resultant spatial pattern alongntiteordinate, if
. ; . .. observed by a fixed detector, will be distorted on the temporebor-
jector and detector, but an a’?'a' transformation Proces,s if dinate. The process is termed the “spatial-temporal axial-transformation
the broadened sample zone is observed by a single fixedconvolution” or simply “temporal convolution”.
detector. The relativity is the major concern, which has al-
ready been demonstrated in the previous parcel model, and

it can be further explained by a systematic diagram as shown®f the migration speed during the passage through the de-
in Fig. 1 In this diagram a sample plug is injected into (€CtOr. Its scale relates to the position of the observer and the

the column system, and the sample zone starts to eXpandsotherm programming rather than the physical mechanisms

promptly after leaving the injector. The zone broadening ©CCurring in the column.

may involve many mechanisms, in-column or extra column,

symmetrical or asymmetrical. Among these, “retention” is 1.4. Focus of this work

usually the main reason, in addition to a substantial frac-

tion of dispersion—diffusion (high in GC but relatively low ~ The complete peak formation process (spatial band broad-

in HPLC), both are symmetrical in nature. There are several €ning plus temporal convolution) can be very complicated.

asymmetrical factors, including the non-ideal retention, the For simplicity, these spatially induced asymmetrical factors

parabolic flow profile, as well as the extra column effect. are not considered in this study, and only the in-column re-

The combination of all these effects results in the “spatial” tention behavior and its corresponding convolution process

concentration profile (noted &{n) or m(n)), which should are emphasized. The broadening mechanism follows the pos-

be plotted along the longitudinah) coordinate at a specific ~ ture of the previous discrete parcel model, and a temporally

time. convoluted Gaussian function (TCG) is proposed to gener-
The temporal image, however, cannot be obtained usingate basic chromatographic peak shapes. The results will give

a direct transformation from the longitudinal coordinate to clues to explain, “How a Gaussian-distributed pattern can

a temporal scale by dividing the flow speed. The chromato- be recorded to have various asymmetrical shapes”. In other

graphic peaks, laid on a temporal coordinated dimen- words, the TCG equations described here may be regarded

sionless time in this study), are usually obtained by a detec-as the continuous solution of the discrete parcel model.

tor located at the end of a column. The signal is recorded

on a sequential basis when the sample zone passes through.

Therefore, a temporal peak is a “composed image” of many 2. Theoretical

minute segments of the spatial patterns at various times.

Thus, the peak, denoted &%) or m(z), is a distorted one  2.1. Basic Gaussian curve

from its real spatial shape, and the difference in between is

regarded as the “temporal distortion”. The distortion is due  Since the entire convolution treatment is established on

to (i) the changing of the zone width and (ii) the changing the Gaussian function, it is necessary to emphasize the
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meaning of each mathematical term. A basic GaussianType II—If o becomes a function of, while A anda re-

function, denoted ag(x), consists of three components, i.e. main constant, the peak pattern may be distorted to appear

the peak area, the zone width or standard deviation asymmetrical. The mathematical treatment for this distor-

and the locatiora on thex coordinate. The mathematical tion is called the “convolution” along the coordinate. The

expression is: peak summit may have a small shift from its expected po-
sition a. The Type Il equation is used to simulate temporal

— ~[(x—a)/(v20)]? ; . o .
y(x) = € 1) chromatographic peaks under a linear condition. ¥agis
o

here represents time (not length). The peak position remains
whereA, o anda are given numbers, independent of each constant since only the standard deviation tet(x) is vari-
other. The produced curve is a symmetrical patt&ig.(2). able of time.

For generating chromatographic peaks, these component
may be related to each other in different ways (limiting
cases). Three limiting derivatives will be described in this
study, and they are also illustratedfig. 2

S'I'ype [11—If both o anda are functions ok, then a double
distortion occurs. This type of curve, while still maintaining
the identical peak ared, will have various appearances
depending on the conditions given. It could be nearly sym-
Type |—The standard deviatiow] is correlated to the po-  metrical, or having a prolonged or fronting tail, or have er-
sition (@). This limiting case applies to most longitudinal ratic shapes if the conditions are designated to be step-wise
zone broadenings. Sinée a ando(a) are all fixed (or given along thex coordinate. This limiting type is applied to con-
values), the curve is still symmetrical. This type of equation struct a chromatographic peak under a non-linear isotherm.
is used to simulate the spatial distribution pattern along a Both the standard deviatian(x) and peak positioa(x) are
column k-axis is the column length). variable alongx (time) axis, so the Gaussian peak curve

Basic Gaussian curve:

(4,a,0 are independent)

A e—[(x—a)/(\//ZU N§

y(x)=
N 2o
Limiting Gaussian Type-I: symmetrical

(o is a function of a)

el V2o ()P

(x) = 4
Y aro (a)

Limiting Gaussian Type-II: ,
asymmetrical
with prolonged

tailing

(o is a function of x)

o l-a» (V2o ()P

(x):#
P8 o ()

Limiting Gaussian Type-III: can be tailing,

fronting, or nearly
symmetrical

(Both ¢ and a are functions of x)

A e lxmatx) (20 ()]

y(x)= \/E—G(x)

X

Fig. 2. Basic Gaussian equatioy(X)) and three limiting derivatives (Types |, Il and Ill), which are used to construct chromatographic peaks. Examples
are illustrated on the right. Symbols a and o represent peak area, peak location and standard deviation, respectively.
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receives a “second-order” convolution on the observing 2.2.3. Peak position

coordinate. The peak position along threcoordinate at a given time
The details of those peak parameters are described sepais denoted asy(7). Itis obtained by integrating the migration
rately in the following sections. speed (dp/dt = um(7)) along time. Thus, under a linear
isotherm { = 0), it can be expressed as:
2.2. Peak parameters T
= - 5
np(t) = ns+ kg"'l (5)

Most parameters and symbols used in this study are the
same as those ||Sted in the previous paper describing theWhere Ns iS the |Ongitudina| Shift, an artifaC'[ in the parce|
discrete parce| matnk]_G] In that model, a column (|ength model due to the discrete calculation (tO be 0.5 when the
L) is divided inton small sections, each one AL, soL = initial zone widthi = 1). It may be ignored wheniis large.
n AL; and the time duration is divided into many small  Under a non-linear isotherm, th&(z) is no longer a fixed
time steps, each step ist ands = t At. Thus the column  Value Eq. (3), and the position becomes:
operation is displayed on a dimensionlass t integer ma- 1 1
trix. Plotting data along the coordinate at selectedgives ~ 7p(0) =ns+ 1+ X'”(kg e+ 1) - Xln(kg +) (6
the “spatial” mass distribution pattern, whereas plotting data
along ther coordinate at a fixed column lengthgenerates ~ Wherea is the decay constani (> 0). Thens term remains
the “temporal” chromatographic peak. here although it might be negligible wheris large.

The present study is a continuous one; therefornd
T may not necessarily be integers. These two symbols are2-2-4. Spatial peak standard deviation
re-defined as the “dimensionless length and time”. To match ~ The standard deviation on timecoordinate is denoted as

the scale of the parce' model for Comparison, the flow Speedan ('L') It is calculated by tak|ng the Squal‘e root of the initial

of the influent carrier is still defined to be = dn/dr = 1 zone variance plus the integration of the variance broadening
in this paper. rate (i.e. &n(7)2/dr = k" (1) /(K" (1) +1)?) at a specific time

7 [17].
2.2.1. Partition equilibrium Under a linear isotherm, the standard deviation of a peak

At a constant flow speed, the partition equilibrium of mass at & specific timer is:
between the stationary and mobile phases at any spenified

. . k//
andt obeys the dynamic isotherm: on(7) = ag + //—027 (7)
(kg +1)
K/(p) = 20 2)
Mm@, 1) where gg is the initial standard deviation of the injected

sample zone, to be 0.34 in the parcel model (accounted by
wherek’(z) is the dynamic partition ratio at a specific time  taking 34% of the possibility range of the initial zone width
. If K’(z) is constant throughout the elution period, it is i = 1).
called a linear isotherm. If not, it is a non-linear isotherm. Under a non-linear isotherm, whefi() = kje™*7, the

Each analyte has an initig] value. Thek”(r) value canbe  equation for the standard deviation is:

programmed to change during the elution. In gas chromatog-
raphy, it is very common to set up a temperature program to _ 0 = |02+ 1 B 1 ®)
serve this purpose. Thus, under a non-linear isothkf(m) n 0 rkge T+ 1) Akg+ 1)
can be expressed as an exponential function of time, with a
decay constant which is proportional to the rate of tem- Wherex must be larger than 0 in this equation. The temporal
perature elevation {ddr). variations of this parameter under various conditions (linear,

non-linear and combined) are illustratedrigy. 3d

K'(t)y =kge™™ (120 3)
2.2.5. Temporal peak standard deviation
Examples are given iRig. 3a and b The transformation of the spatial peak widit,(z) or
on(7) to a temporaW,(t) or o.(t) is made simply by di-
2.2.2. Flow speed and migration speed viding the migration speed:

If the flow speed of the mobile carrier is = 1, the
average migration speed of an analyte in the column at a5 (1) = on(7)

given timer is defined as/m(z). um(7)
~ 1 . or
vm(®) = k'(t) +1 ) 07 (1) = on(D (K" (1) + 1) )

Examples are given ifig. 3c Examples are illustrated iRig. 3e
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Linear isotherm Non-linear isotherm Stage-wise isotherm
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Fig. 3. Graphic display showing examples of the variations of peak parameters during the elution period. The isotherms are linear (left), one-stage
non-linear (middle), and stage-wise as a combination of the two (right). (a)-(e) Refer to text, (f) a hypothetic detector is lacat@d afg) the mass

patterns are presented for the stationary, mobile phases and the total. Only the mobile phase peak (solid line) can be observed by the detector. (h) the
observed temporal peak image, with a peak height close to that of the spatial mobile phase peak, but itstpisisbghtly different fromzny.
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2.2.6. Migration map
The plotting of the moving track of an analyte on the
longitudinal-temporal map gives a clear picture of how

the sample zone moves and expands during its passage

through the column. The curve ofy(r) on the map is
the migration route of the mass center; the plotting of
np(t) + on(r) and np(r) — on(7) gives the standard de-
viation thresholds accompanied with the migration route
(seeFig. 3f).

2.2.7. Mass retention time for a given column length

For a column of given lengtN, the time required for the
mass peak center to arrive at the detector is notetl s
Thus, under a linear isotherm, it is calculated by (solving

Eqg. (5):
N —ng

Um

Trm =
or
Tm = (N — ”s)(k{)/ +1) (10)

However, under non-linear isotherms, thg value is diffi-
cult to obtain by an equation, as one may try to salyg
from Eq. (6)for a given column lengti\:

1 1
N = ns+ tm + X|n(kg e tm 4 1) — xm(kg +1) (11)

and there is a direct solution fef, but a complicated math-

ematical treatment would be required. Nonetheless, it is not 7y, (1) =7 +
intended to do so because this parameter is not useful in

the later convolution process (a hypothetjg () should be
used for a non-linear isotherm, which will be described in
Section 2.2.% If one must find a value for,y, it would be
much easier to estimate it graphically from the migration
map (sed-ig. 3f).

2.2.8. Peak area

The peak area is related to the initial mawsg (or con-
centrationCop) and size of injection. In the parcel model, the
vertical axis is in a “mass” unit and the sample size is de-
fined to be = 1, thus the peak areas afig = mgi = mgon
the longitudinal coordinate andl. = A,/v on the temporal
coordinate. Since the flow speedis also defined to be 1,

for simplicity all peak areas in this paper can be expressed

asmp.

2.2.9. Expected arrival time

S.-C. Pai/J. Chromatogr.

A 1028 (2004) 89-103

<

Fig. 4. Calculation ofr;j,,(r) from the migration map. For a given column
length N, the current peak location at timeis ny(r), with a remaining
distance of N — np(7) to reach the end of the column. At the current
migration speedim(t) = 1/(k”"(r) + 1), it needs an extra travel time of
Textra = (N — np(1))(k"(v) + 1) to arrive at the detector. The expected
arrival time at a specific time is calculated by}, () = 7 + Textra

current migration speed;n(z) = 1/(k"(x) + 1), it would
need more timegexra(t) = (N —np(1)) (k" (1) +1), to arrive
at the detector.

Thus, the position of the hypothetical peak summit, or the
expected arrival time, denoted g$%,(7), at a given timer
becomes:

1
[N — (ns+ 1+ Xln(kg e+ 1)

1
— X|n(kg + 1)} (kge" +1) (12)
For linear cases, the expected arrival time is a constant
throughout, and thereforg, () = tm = (N — ng) (kg + 1)
(seeEq. (10).

2.3. Mass distribution pattern

In most cases (as long as the initiglis not too small or
too large, and time is not too short), the mass distribution
pattern along a column can be approximated by a limiting
Type-lI Gaussian equation:

mo —[(n—n, )/ (V20,()]?
— ¢ p (13)
270, (1)

miotal(n) =

wheremypta (D) is the total mass found along the column

This is a hypothetical parameter (not seen in the previous length (onn coordinate) mg the initial injected mass value

parcel model), quite tricky but the key to the later convo-

or peak areanp(r) the position of the peak at a specific

lution process. It is used to extract a segment of a curve attime (Eq. (5) or (6), ando(7) the standard deviation of the
time r when the mass center has yet to arrive at the detector.sample zone at the same given tirk((7) or (8). Sincer

This is explained graphically iRig. 4.

Under a non-linear isotherm, the migration curve is bend-
ing downward on the map. If the column length is desig-
nated ad\, at a specific timer, the distance that has been
traveled isny(7), the distance left to go i& — np(7). At the

is a given value, the resultant pattern is a symmetrical curve
centering ahp(7). The complete expressions of the equation
for linear and non-linear isotherms are illustrated-ig. 5.

The total mass curve can be further divided into stationary
and mobile-phase mass curves (irg(n) andmy(n) curves)
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(a) Linear isotherms: Gaussian Type I (ny, m,, k”,, ©,and Tare given values)

n,(t)=n, +i
! k' +1

+
[ n=n, (@ g
m‘mm{(”) = Le [ﬁﬁ,,m]
V270, (1) 7
7

o,(1)=_|O

(b) Non-linear isotherms: Gaussian Type 1 (ny, m,, k”,, 0,, Tand A4 are given values)
n(T)=n, +T+ ,LIn( ke M+ 1) - I—ln( k" +1)
A A
Y -
B n—n, (1)
m_(n)= m, = [ﬁo,‘(r)]
total =
V2ro, ) A

. 1 1
w=.l6} +————
o J“" AR, e +l) A, +D)

Fig. 5. Construction of Gaussian equatiofi&y( (13) for the mass distribution patterns under (a) linear and (b) non-linear isotherms. Since the peak
position and standard deviation are given values, both equations are in the format of limiting Gaussian Type-Il. (a) Linear isotherms: Gaussian Type |
(ns, Mo, kg, oo and ¢ are given values). (b) Non-linear isotherms: Gaussian Typw, Inf, kg, oo, T and A are given values).

according to the partition equilibrium at time The three initial injected mass values. () the standard deviation at a

curves are synchronized to each other, therefore: specific timer on ther coordinate. The expected arrival time,
(¢ 7;m (), should be substituted bigq. (12)for a non-linear
mg(n) = mmtotal(”) (14) isotherm. For linear isotherms, since tg () is no longer
a variable with time (substituted tyq. (10), the equation
_ becomes much simpler, and it exactly matches the format of
mm(n) = —————miotal(1) (15) ; ;
K'(t)+1 the Type-ll Gaussian curve. The complete presentations of
Eqg. (16)are demonstrated in a systematic formaFig. 6,
2.4. Temporal peak for both linear and non-linear isotherms.

The temporal view of a spatial pattern (the chromato-
graphic peak) is actually composed of many segmental
pieces that are taken from a series of spatial peaks. Thus, ab
a specific timer, the detecting signal is a part of a Gaussian
equation with a standard deviatien(t), and a hypotheti-
cal peak position at;,(¢), at a current migration speed of
um(t) = 1/(k"(z) + 1). The peak area is the same as the
spatial peak ifv = 1.

Thus, the limiting Type-lll Gaussian Equation is applie
here for the non-linear isotherm, and the general form is

Results and discussion
3.1. Comparison with parcel model

The curves generated Hygs. (13)-(16)are compared
with those generated by the discrete parcel mair6{. For
¢ unifying the column conditions, all parameters are dimen-
sionless, and several values are given as follows: the peak
areamg = 1, the flow speedr = 1; the longitudinal shift

iven as:
g mo X ) ns = 0.5; and the initial standard deviatierp = 0.34.
mm(t) = Tororm) e (=T (0)/ (v 20+ (1))] (16) In the figures of the following sections, the peaks obtained
2107 () by the parcel matrix method are marked as discrete circles,

were my(7) is the continuous mass signal recorded for the while the peaks generated by the proposed equations are
“mobile phase mass only” along thecoordinate,mg the plotted in continuous solid lines.
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(a) Linear isotherm: Gaussian Type I LN, ns, k', and o, are given values)

T, ¥@)=t,, =(N-n,)lv,
i

v 9

,[f;r,,,.*(r ) ]

m, V2o, @)

m”l(r):7€ :

Jznorg)\ s

o, @)=0,0)v,

—H

o )= fpisFa g | | U =lEAD
(K", +1)°

(b) Non-linear isotherm: Gaussian Type III (N, #,, k"5, 0,and A are given values)

n,@E)=n+7+ % In(k", e™ +1)— % In(k", +1)

i

rm,'(?:):r +[N=-n,@)]/v, k)

r

T @) |

m_ &)
m, (T)= - e ¥
oo, @) A

~./

o,@)=0,@)v,)

i v, @) =1/(k"@)+1)

an(t)=\/0": e l—»‘r - .'] ,
Ak, e +1) A(K",+1) K@) =k", e

Fig. 6. Temporally-convoluted Gaussian equatioBs|.((16) for chromatographic peaks under (a) linear and (b) non-linear isotherms. The standard
deviation in both equations varies with time. Under a linear isotherm, the peak position is a fixed value, and the equation fits the format of a Gaussian
Type-ll curve. Under a non-linear isotherm, the peak position is variable with time, and the equation is a typical Gaussian Type-IIl curve. (a) Linear
isotherm: Gaussian Type IN( ns, kg andog are given values. (b) Non-linear isotherm: Gaussian TypeNJIrg, kg, oo andA are given values).

3.2. Mass distribution patterns an initial k; = 10 is migrating following a curvature track
of Eq. (6) on the migration map, with an expansion of

The plotting ofEqs. (13)—(15¥or the total mass, station-  the standard deviation followingq. (8) The plottings for

ary and mobile-phase masses along a column are demong£gs. (13)—-(15give almost identical peak patterns as those

strated inFig. 7. In the linear case (seEig. 79, a com- obtained by the parcel model.

pound having a partition ratig; = 5 is moving following

Eq. (5) its moving track shows a straight line on the migra- 3.3. Chromatographic peak

tion map. The standard deviation is expanding while mov-

ing following Eq. (7) The patterns at = 20, 40 and 60 are The plottings of the chromatographic peaksBy. (16)

plotted (in continuous lines) and compared with those ob- are demonstrated iRig. 8. The migration map is also pre-

tained by the parcel calculation (in discrete circles). It can be sented to assist the explanation. A hypothetic detector is lo-

seen that only in the beginning stage, e.g- 20, do small cated atz = 20.

deviations occur between the two sets of data (the parcel Under a linear isotherm, iRig. 83 three compounds hav-

peaks are slightly not symmetrical). But, as time prolongs, ing k{j values of 1, 2 and 5 are given for examples. The mass

the Gaussian curves match perfectly with the discrete parcelcenters arrive at the detector &, = 39, 58.5 and 117,

peaks. respectively. Since the migration route is linear, each ex-
Similar situations occur in the non-linear casé-ig. 7h pected arrival time at any time is a constéjt,(t) = trm).

When the decay constant is= 0.02, a compound with  The peak position term i&q. (16)becomes a fixed value,
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Linear isotherm, k", =5 =20 =40 =60
T m m m
20 40 60 80 0 02 04 02 04
0 0
51 5
E 10 . c 10
c
15 | 15
(a)2o t 20
Non-linear isotherm, k" ,=10, 1=0.02 =20 =40 =60
T m m m
20 40 60 80 0 02 04 0 02 04
0 0
51 . 5
=10 | =10
o
15 | 15
(b)20 .2

Fig. 7. Migration map demonstrating the peak position and zone broadening (vertical bar) alamgdbalinate, together with the mass distribution
patterns (total, stationary and mobile phasesy at20, 40 and 60, respectively. Peaks that are generatdelgby (13)—(15)are presented as continuous
lines, whereas discrete circles are corresponding data calculated from the parcel model. (a) under linear i§oth&rrth) under a non-linear isotherm,
with an initial kj = 10 and a decay constait= 0.02.

leaving only the standard deviation term which is still a tailing. Under a non-linear condition, the sample zone is
function of time. Thus, the temporal image under a linear still expanding spatially, but not necessarily on the tempo-
isotherm fits the condition of the limiting Gaussian Type-Il ral coordinate ¢;(t) = on(7)(k”(z) + 1)). If the standard
curve. The TCG peaks (plotted in continuous lines) coincide deviationo;(t) at the detection point is expanding, then the
with those obtained by the parcel peaks (plotted in discrete peak carries a prolonged tail. Otherwise, the peak appears to
circles). be fronting. The horizontal bars (representing the standard
Under a non-linear isotherm, the situation is different. In deviation ranges of the peaks at the detector) give a good
Fig. 8 three compounds with initid; values of 1, 10 and  indication of the symmetry of the tail. For the examples in
50 are migrating under a decay constant.ct 0.02. The Fig. 8b only the first compound gives the prolonged type of
expected arrival timéz;;,(t)) becomes variable with time,  tailing, whereas the other two are of the fronting type. This
and therefore the peak position ternHg. (16)is not a con- can also be explained that the migration speed is accelerated
stant. The minimungz;;,,(v)) values (which reveal the actual when passing through the detector, so a “fat” sample zone
arriving time r;) were found att = 33.3, 90.8 and 160.1, can be viewed as relatively “slender” in its recorded image.
respectively. The resulting peak starts with a prolonged tail- A tailing index can be defined as:
ing whenkg is low, but gradually turns to a fronting shape. Aoy (Trm)
The peak equation becomes the limiting Gaussian Type-lll ¥(tim) = ——m
curve. Similar to those of the linear case, the continuous de
peaks (plotted in continuous lines) match perfectly well with wherey(z/m) is the index for the peak arriving at the de-
that obtained by the parcel model (discrete circles). tector. If » > 0O, the peak has a prolonged tajl; = 0O, it
has a Gaussian-like shape; and< 0, the peak becomes a
fronting type. This rule applies only to the one-stage pro-
gramming of the isotherm. If the isotherm is stage-wise, the
Also in Fig. 8, the expansion rate of the standard deviation peak appearing near the changing point becomes segmental.
along ther coordinate §.(z)) is particularly pronounced
(plotted in the bottom), which can be regarded as an index 3.5. The temporal shift
for the judgment of “peak tailing”. Under a linear condition,
the sample zone expands proportionally to the square root As previously mentioned in the parcel model, the position
of time, and all peaks carry a “normal-type” or prolonged of a chromatographic peak on thecoordinate (denoted

17

3.4. Tailing on the temporal coordinate
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Linear isotherm Non-linear isotherm
",=1,2and 5 "»=1,10and 50 1=0.02
T T

200

0 50 100 150 200 0 50 100 150 200

6(1)

c.(1)

0 50 100 150 200 0 50 100 150 200
(a) g (b) T

Fig. 8. Demonstration of the temporally convoluted Gaussian (TCG) peaks andberdinate. (aky = 1, 2 and 5 under a linear isotherm; (i) = 1,

10 and 50 under a non-linear isotherm with a decay constant-6f0.02. (Top) the migration map with a hypothetical detectonat 20, (middle)

peaks generated biyqg. (16)are presented by continuous lines, whereas discrete circles are data calculated by the parcel model, (bottom) the temporal
standard deviation (horizontal bar) at the peak position serves as an indicator of peak symmetry.

as t;) may differ from the actual arrival timerf,). The The procedures for setting up the recursion-assisted TCG
peak position shift is obvious and consistent tohg — on Microsoft Excel are demonstratedriy. 9. The recursion

7 = 0.5kg under linear isotherms. For the example shown formulae are:

in Fig. 3 whenk; = 2, the arrival time ist;, = 585, " "

and the peak sur%mit appearstat= 57.5 on the recorder. F@O=EE-Dxd-2@) (18)
For non-linear cases, the shift can also be approximated by 1

0.5K"(zrm), but this relationship does not completely apply np(0) = np(t — 1) + k" (7) + 1) (19)
under a step-wise programmed isotherm. The shift might

turn to the other direction, i.e. the peak summit may appear _ 1)2 k' (t) 20
near or even aftet;y, depending on the given conditions. on(®) =, fon(t — D7+ (K" (7) + 1)2 (20)
3.6. Recursion-assisted TCG curve or(1) = on() x (K"(7) + 1) (21)

(D) = 7+ (N = np(1)) x (k" (D) + 1) (22)

The TCG peak equation shown Fig. 6 is quite com-
plicated. It can be even more complicated if the isotherm These formulae are also presented in the Excel format in
is separated into several stages during the operation. ForFig. 9. They provide the basic parts to build a Gaussian
the convenience of running such a multi-stage condition curve along time coordinate. In this way, if the time number
on a computer worksheet, a recursion technique is rec-is not too small, one can easily produce a peak shape which
ommended. In other words, the mathematical terms in theis compatible to that produced by a discrete parcel matrix
TCG equation can be regarded as “subroutines”, which or a completely continuous equation.
are calculated separately in a recursion manner. The only The recursion-assisted TCG curve (RATCG) takes advan-
condition is that the time step number must not be too tages of both the TCG and the parcel model in producing
small. the temporal peak under multi-stage programming:
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A B C D E B G H I 1 K L
1
2 Column length N 30
3 Peak area or mass value mn, 1
4 Time | r 0 1 2 3 4 5 6
5 Decay constant A(T) 0.02 0,02 0.02 0.02 0.02 0.02 0.02
6 Dynamic partition ratio k'(7) 2 1.96 1.9208 | 1.88238 | 1.84474 | 1.80784 | 1.77168
7 Peak position (spatial) n,(t) 0 0.33784 | 0.68021 | 1.02714 | 1.37867 | 1.73482 | 2.09561
8 Standard deviation (spatial) a,(7) 0 0.47297 | 0.66997 | 0.82184 | 0.95046 | 1.06428 [ 1.16761
9 Standard deviation (temporal) | o, (7) 14 | 195684 236887 | 2.70382 | 2.98833 | 3.23624
10 Expected arrival time T (T) 88.8 | 87.6372 | 86.5109 | 854201 | 84.3642 | 833422
11 TCG curve mi7) 0 0 2E-271 | 2E-198 | 9E-155 | 1E-125
12 v
13 The shaded area is copied to the right end
14 | |
15 Diagram for data from G11 to IV11
16 Estimated peak height (/)= | 0.06549 ggg :
17 Estimated peak position (7,,, ) 61.7673 005 }
18 e 0.04
19 003 |
0 \ggf\
21 0
22 150 200 250
23 2
24
25 Procedure:
26 1. Setting up the time period: Fill serial time numbers from F4 to IV4 for r=0-250
27 2. Define isotherm: Fill F5 to IV5 with desired A values,
28 for linear i1sotherm, fill zero in F5..1V5 |
29 for multi-stage isotherm, e.g. =0 for =0-50; 4=0.02 for r=51-100; 1=0.05 for z=101-150...etc.
30 3. Given initial condition: Input a £”, value in F6; an n; value or zero in F7, a ¢, value or zero in F8
31 4. Give a column length value N or the location of the detector in F2
32 5. Give a value m , for peak area in F3
33 6. Type recursion equations in G6-G10
34 in G6:  |[=F6*(1-G5)
35 inG7.  [=F7+1/(G6+1)
36 inG8: |=SQRT(F8"2+G6/(G6+1)"2)
37 inG9:  [=G8*(G6+1) |
38 in G10: |=G4+($F$2-G7)*(G6+1)
39 7. Type Gaussian Equation in G11
40 lin G11:  [=$F$3/SQRT(2*PI))GI*EXP(-((G4-G10)"2/2/G9*2))
4] 8. Copy G6-G11 (the shaded area) to the right end of the worksheet
42 9. Plot data in G11-1V11 against 7 for the chromatographic peak
43 10. Type formulae to estimate the height and position of the peak
44 nmEl6  [=MAX(G11..IV11)
45 in E17 _ [=MIN(G10..IV10)
46 11. Plot other data raws for parameters demonstrated in Fig.3
47

Fig. 9. lllustration of the recursion-assisted technique for plotting the TCG curve on the Excel worksheet. It is probably the easiest way togleaw a sin
chromatographic peak under a multi-stage isotherm.

(1) It does not need to type a long TCG equation for the 3.7. Multi-stage isotherm

calculation.

(2) It fits all types of isotherm programming, including lin- Nearly all GC applications involve the setting up of a
ear, one-stage non-linear and multi-stage isotherms. Thetemperature program for the optimal separation of a group
decay constant can be set zero for all casesXi=.0 of components. Thus, the program may consist of a start-
is allowed in the recursion calculation). ing linear isotherm stage for those very mobile components,

(3) It does not need to produce a vast parcel matrix followed by the increase of temperature to separate sequen-
(two-dimensional) for a longer column. tially compounds with various values. The elevation can

be made in different stages, depending on the group charac-
Since the RATCG curve is probably the simplest way to teristics. Atthe end, a terminal stage might be given to accel-
produce a chromatographic peak, one may generate manyerate those very retarding compounds to leave the column. In
peaks on the same worksheet and combine them to creataeal applications, the temperature programming varies from
a chromatogram. For further examples with Excel one may case to case, depending on the nature of the sample, as well
refer to a recent textbook by de Le\Es]. as the conditions of instrumentation.
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Fig. 10. Overlapped plot of a group of peaks under multi-stage isotherms drawn by the recursion-assisted temporally convoluted Gaussian C@yes (RAT

on the Excel worksheet. The detector is located at 10. Case-1, two-stage programming, ten components with irifialalues of 1, 2, 3, 4, 5, 6,

7, 8, 9 and 10, respectively. Case-2, five-stage programming, ikffiahlues are 1, 2, 4, 8, 16, 32, 64, 128, 256 and 512, respectively. The idjtial

values for both Cases 3 and 4 are 1, 2, 4, 8, 16, 32, 64, 128, 256 and 512, respectively. Case 3, multi-stage programming with two non-linear intervals
The peak shape follows a t-f-t-f-t sequence, with obvious segmental shapes when near the changing points. Case 4, multi-stage programming with twi
linear intervals and a terminal stage. The peak shape follows a t-f-t-f-G sequence. In the ending period, peaks are nearly Gaussian.
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Using the RATCG equation as a tool, one may readily deviation, but will not affect the position of a peak during
simulate different situations on a computer worksheet. Sev- the migration. Thus, the spatial variance can be written as:

eral examples are illustrated Fig. 10 in which the time 2_ 2 i 2 I 2 23
span ist = 0-250 and a hypothetic detector is located at 9n(2)" = 0 + Oretentior7)” + Tifusion(%) (23)
n = 10. and the diffusion term is defined as:

adiffusion(t) = V2Dt (24)

Case 1 (Two stage programming). Ten compounds with ini- ) _ ] o S
tial k) values of 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10 are tested. whereD is a dimensionless diffusion coefficient in this study.

The isotherm is constant (= 0) fromt = 0-100, and starts It is a constant under a linear isotherm, but can be variable
to decrease with a decay constantiof= 0.02 afterr — with time under a non-linear isotherm. In the latter case it

101. In addition to the resultant chromatographic curves, the Should be denoted &3(z). _ .
migration map and other peak parameters are also plotted. Accordingly, under a linear isotherm, the spatial peak
In the linear ranger < 100, the peaks are typical tailing Standard deviation as statedkx. (7)becomes:

shapes. After the changing point, the peaks become segmen- Y
tal, and the appearance changes from tailing to segmentabn(t) = \/0(2, + ﬁr + 2Dt (25)
fronting. ot D

whereas under a non-linear isotherfag. (8) can be
Case 2 (Five-stage programming). The initig} values for re-written as:

the ten tested compounds are 1, 2, 4, 8, 16, 32, 64, 128, 256 1
. ) i o
and 512? respectively. The programming starts with & on(t) = \/‘70 + ST - ) + 2D(1)T
0.01, which changes to 0.02, 0.03, 0.04 and 0.05-at51, 0 0
101, 151 and 201, respectively. Only the three leading peaks (26)

carry a prolonged tail, whereas all others turn to be slightly When either of these two modified terms is substituted into
fronting. The gradual decrease of tifz) value leadsto a o spatial peak equatiorEq. (13), the peak pattern is

much smoother looking peak shape. still Gaussian; only the peak height is relatively lower, and
the width slightly wider or fatter. This also applies to the
Case 3 (Five-stage programming with non-linear inter- temporally convoluted peak&q. (16). The temporal ap-
vals). Thekg values are the same as in Case 2. The programpearance will be slightly altered, but the trend of skew-
is basically linear, but with two accelerating periods be- ness, the peak position and the migration route remain the
tweent = 51-100 andr = 151-200. Spatially, the sample same. As a result, it can be concluded that the longitudinal
zones are all expanding with time; but temporally, the peak dispersion—diffusion is not a major factor that causes peak
widths shrink during the non-linear isotherm range, which asymmetry (it diminishes the asymmetry).
can be identified by the, () plot. The peak type follows the
sequence: tailing-fronting-tailing-fronting-tailing  (t-f-t-f-t
in brief). At the changing points, some peaks appear to be
segmental.

4, Conclusion

Attempts of using the Gaussian function to simulate chro-
) ) o . matographic peak shapes have been extensively described,
Case 4 (Five-stage programming with intervals and & termi- 54 many modified Gaussian equations were proposed to
nal stage). Similar to Case 3, but a terminal stage-(0.1 fit the observed peak shapé&-14] However, complete

after r = 201) is applied to release those having high  g\;ccess cannot be reached without endorsing the temporal
compounds from the column. This action leads to a narrower ;i rtion effect, which is still a rather intangible or ab-

peak width and a higher peak height in the ending period. gyract concept to most chromatographers. The implemen-
The last peak looks very symmetrical, judging also from the (44i0n of the hypothetic parametef; (¢) is an important
ax(7) plot. The peak type follows a t-f-t-f-G trend (G for  preakthrough, which offers a quick mathematical process
Gaussian). for the axial transformation, especially under a non-linear
isotherm, with sufficient physical meanings. After proper
All of the RATCG diagrams are almost identical to those convolution treatments, the Gaussian function is still the
created by the parcel matrik6] or by the continuous equa-  packbone of all types of peaks, and the proposed TCG equa-

tions (calculated for five separate stages). tion can be used as a solid foundation for further explanation
of peak shape problems. However, before it can be applied
3.8. Diffusion modification to simulate a real chromatogram, additional modifications

to include the diffusion and extra column effects would be

The TCG equation can be further modified to include necessary.
the longitudinal dispersion—diffusion effect, which is also a  Itis interesting to note that, the entire convolution concept
zone broadening factor. Diffusion will increase the standard is still based on the simple equilibrium of plate theory, i.e.
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k" = ms/mm, without considering the complex Langmuir  [2] D-A. Skoog, FJ. Holler, TA. Nieman, 5th ed., Princi-
isotherms or the multi-layer diffusion mechanisms. Yet, it ples of Instrumental Analysis, Saunders College, Philadelphia,
produces all types of peaks, which would have been nor- 1998.

. [3] K. Robards, P.R. Haddad, P.E. Jackson, Principles and Practice
mally regarded in the past as the extra column effects or ~ " ot Moden Chromatographic Methods, Academic Press, London,

parabolic flow profile. This leads scientists to re-consider 1994.

that these spatial effects, although proven to exist, may not [4] J.T. Vanderslice, K.K. Stewart, A.G. Rosenfeld, D.J. Higgs, Talanta
be the exclusive reasons for peak asymmetry. Further experi- 28 (1981) 11. _

mental clarification between the spatial and temporal effects 1> A; Prifs. C. Kempter, J. Gysler, T. Jira, J. Chromatogr. A 1016 (2003)

: : 129.
is especially encouraged. [6] C.E. Evans, V.L. McGuffin, Anal. Chem. 63 (1991) 1393.

[7] B. Lin, G. Guiochon, Theory and Modeling of Nonlinear Chromatog-
raphy, Elsevier, Amsterdam, 2003.
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